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Abstract. S. Gudder and, later, S. Pulmanova and E. Vincekova, have stud- 
ied in two recent papers a certain ordering of bounded self-adjoint operators 
on a Hilbert space. We present some further results on this ordering and show 
that some structure theorems of the ordered set of operators can be obtained 
in a more abstract setting of posets having the upper bound property and 
equipped with a certain orthogonality relation. 



1. Introduction 

In |13j . S. Gudder introduced a certain order for quantum observables, in fact, on 
the set S(H) of bounded self-adjoint operators on a complex Hilbert space H, and 
suggested to call it the logical order. He demonstrated, in particular, that S(H) 
is a generalized orthoalgebra; the logical order is by definition the natural order 
of this algebra. He also showed that this is not a lattice order, but nevertheless 
every pair of observables having a common upper bound has a join and a meet 
with respect to this order. Such a poset was called by him a near-lattice (but see 
the beginning of the next section). Actually, every initial segment of S(H) is even 
a (T-orthomodular lattice. Also the commutative case (in which observables are 
represented by random variables on a probability space) was considered in [13j ; as 
noted by the author of that paper, this case actually served as motivation and a 
source of intuition for results and proofs of the general case. 

The properties of the new ordering were studied in more detail by S. Pulmannova 
and E. Vincekova in [19], where several results of [13] were essentially improved. 
These authors observed that the logical order is actually a restriction of Drazin's 
order (nowdays usually called star order or *-order) introduced by him in [lOj for 
all bounded operators on H. They proved, for example, that S(H) is even a weak 
generalized orthomodular poset. Moreover, this poset is bounded complete, i.e., 
every subset bounded from above has a join and, correspondingly, every nonempty 
subset has a meet. 

More recently, existence conditions of joins and meets in S(H) (under the logical 
ordering), and representations of these operations have been discussed, e.g., in 

na iia da eqi ED- 

We present here some further results on the order structure of S(H), and also 
fill two small gaps in proofs in [13) . In particular, we obtain explicit descriptions 
for the Gudder join and meet operations in terms of operator composition and 
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lattice operations on projectors, and a simple proof of bounded completeness of 
S(H). On the other hand, we discuss some of the properties of the poset S(H) 
in a more abstract setting, and show that the aforementioned properties of the 
logical order of observables are not quite independent. For instance, any poset 
having the least element and possessing the so called upper bound property (any 
pair of elements has a join if they have a common upper bound) , if equipped with an 
appropriate orthogonality relation, carries a structure of a generalized orthoalgebra, 
in which every initial segment is an orthomodular lattice. Moreover, there is a non- 
commutative total binary operation (called skew meet) on S(H) which, considered 
together with the partial join operation, turns the poset into a so called skew 
nearlattice. This allows, on the one hand, to establish a link between structures 
arising in quantum logic and some branches of the theory of information systems 
(where the notion of skew nearlattice has emerged; see [5]), and on the other hand, 
to apply to the algebra S(H) certain general decomposition and structure theorems 
from [6]. We do not address, however, these questions in the present paper. 

The structure of the paper is as follows. The subsequent section contains the 
necessary background on posets having the upper bound property, known also as 
nearsemilattices in algebra and as a (simple version of) domains in database theory. 
Three principal examples of such posets, including S(H), are considered in Section 
131 Some order properties of S(H) are discussed also in Sectional Section [5] deals 
with so called quasi-orthomodular nearsemilattices, which mimic, in a sense, the 
generalized orthomodular lattices of [H], and Section El with skew nearlattices. 

2. Preliminaries: nearsemilattices 

A nearlattice is usually defined as a meet semilattice having the upper bound 
property. Therefore, every bounded complete poset is an example of a nearlattice. 
Equivalently, a nearlattice is a meet semilattice in which every initial segment is 
a lattice. Since early eighties, such structures have been intensively studied by 
W. Cornish and his collaborators; see, e.g., [ElEJUB]. Some authors prefer order 
duals of such algebras [2] • 

Arbitrary posets having the upper bound property were named (upper) near- 
semilattices in [3 . Thus, a nearlattice may be viewed also as a nearsemilattice that 
happens to be a meet semilattice. Near-lattices mentioned in [13] (see Introduction) 
is a weaker concept. 

We shall always assume that a near(semi)lattice has the least element 0, and 
consider such structures as partial algebras of kind (A, V,0), resp., (A, A, V,0), 
where A is, as usual, the meet operation and V is the partial join operation. The 
following axiomatic description of nearsemilattices goes back to pH Section 1] (for 
arbitrary near (semi) lattice terms s and t, we write s ^ t to mean that s Wt is defined 
under that or other intended assignment of values to variables occurring in these 
terms) . 

Proposition 1. An algebra (A, V,0) ; where is a nullary operation and V is a 
partial binary operation, is a nearsemilattice if and only if it fulfils the conditions 

(Vi) : x i x and x V x = x, 

(V2) : if x by, then y ^ x and x V y — y V x, 

(V3) : if x ^y and xV y ^ z, then y ^ Z, % b yV Z an d (x Vy) Vz = x\/ (yW z), 

(V4) : x b and x V = x. 
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The order relation on a nearsemilattice A is recovered from the partial join 
operation as follows: 

% < y if and only if x J, y and xW y = y, (1) 

and then x V y (when defined) is the join of x and y w.r.t. this order, while is the 
least element. 

Corollary 2. An algebra (A, A, V, 0) is a nearlattice if and only if (A, V, 0) is 
a nearsemilattice, (A, A) is a semilattice, and the following absorption laws are 
fulfilled: 

(V5) : if x bu> then x A (x V y) = x, 
(V 6 ): x Ay ^y and (x A y) V y = y. 

Observe that these laws can also be rewritten in a V-free form, where < is the 
ordering fll}: 

ii x < y, then x A y — x, and x Ay < y. (2) 

A nearsemilattice A is said to be distributive [7] , if every initial segment of it is 
a distributive semilattice: 

( V7) : if y {j, z and x < y V z, then x = y' V z' for some y' < y and z' < z. 

In the case when A happens to be a nearlattice, this reduces to the standard notion 
of a distributive nearlattice (every initial segment is a distributive lattice) . 

A De Morgan complementation, or just m- complementation, on a poset is a unary 
operation ~~ such that 

x = x, and if x < y, then y~ < x~ . 

By a sectionally m- complemented poset we mean a poset with the least element, 
in which every initial segment [0,p] is equipped with an m-complementation ~ 
Section 2]. In such a poset, a partial subtraction operation may be defined by 

X y = z if and only if y < x and z — y~ in [0, x] . 

Lemma 2.5 of [7], together with Proposition 2.2, Theorem 2.3 and Corollary 2.4 of 
that paper, leads us to the following characterization of certain nearlattices. 

Proposition 3. A sectionally m- complemented poset is a nearlattice if and only 
if the partial subtraction on it can be extended to a total operation — satisfying 
conditions 

(~i) : if x < y, then z — y < z — x, 

(-2): x — (x — y) <y, 

(-3): x-Q = x. 

Namely, in an m-complemented nearlattice, 

x — y = x (x A y) (3) 

(see equation (7) in [7]). Explicit definitions of join and meet in terms of subtraction 
are not given in [7]. We omit the tedious calculations and note without proof that 

x Ay = x — (x — y), and x V y — z — {{z — x) A (z — y)) whenever x,y < z. 

An ordered algebra (A, — , 0), where is the least element and — is a binary opera- 
tion satisfying ( — [jj) — ( — [3J) , is a weak BCK-algebra in the sense of [7]; see Proposition 
2.2 therein. 
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3. Examples 

Let as now consider three examples of nearlattices. The first example may be 
considered as motivating the concept; the other two are borrowed from [TBI |19j . 

Example 1 (partial functions). Let I and V be nonempty sets, and letVJ-^, V) be 
the set of all partial functions from I to V. It is partially ordered by set inclusion, 
and (PT(I, V), H, U, A), where A is the nonwhere defined function, is a nearlattice 
with respect this order and usual operations n and U. Actually, VF{I, V) is even 
bounded complete, and total functions are just its maximal elements. 

Observe that the union of two functions in VT(I, V) is defined if and only if they 
agree on the common part of their domains. It is easily seen that dom((^ U ip) = 
dom</) U domi/j and dom((p n tp) Q dorntp n dom-0. Any nearlattice ($,U,n, A), 
where $ is a subset of some VT{I, V), is called a functional nearlattice. If the 
nearlattice contains all pairwise unions (of elements of <fr) existing in - PJ r (J, V), it 
is said to be closed. 

Every initial segment of a functional nearlattice $ is even a Boolean lattice. 
Then the corresponding BCK-subtraction ([3]) coincides in $ with set subtraction. 

Example 2 (random variables). Let (£2, A, //) be a probability space, and let Ai(A) 
be the set of random variables on this space (i.e., measurable functions £2 — »• R). 
Put supp/ := {lu e £2: /(w) ^ 0}. For f,g £ M(A), write / J_ g if fg = (i.e., 
supp/ ("1 supp g = 0), and put / ^ g if there is a function h £ M(A) such that 
/ _L h and f + h = g. The relation < is an order on A4(A). By [TjJJ Theorem 
3.1], / < 9 iff f(u) = g(u) whenever oj G supp/; equivalently, iff / = gXsu PP f 
(xk stands for the characteristic function of a subset K C £2). Direct calculations 
show that it is a nearlattice ordering with the zero function as its least element 
(Theorem 3.5 in |13j). The corresponding meet and join operations, X and Y, may 
be defined as follows: 

f 9 ■— 5X{wG(supp/nsuppg) : f(u)=g(u)} ~ $X{supp /Hsupp 9xsupp(/— g)} 

and, if /, g ^ ft., 

1^9 • ^X(supp /Usupp g) • 

By the way, f X g = ft-X( SU pp/nsuppg) m this case. (We have changed the notation 
of |13j . where these operations were denoted by A and V, respectively.) Similarly, if 
F is a subset of M.(A) with an upper bound h, then /iX(U{supp/: feF}) is the least 
upper bound of F: M{A) is bounded complete. 

Observe that this example is essentially subsumed under the previous one: the 
nearlattice M(A) may be identified with the closed subalgebra M4 of 7-\F(£2, Ro) 
(where Ro := R \ {0}) obtained by replacing every function in A4(A) with its 
codomain restriction to Ro; this transfer is an isomorphism of M.(A) into 7- > J 7 (0, Ro). 
In particular, every initial segment [0,g] in A4(A) is a Boolean lattice, where the 
complementation of / is g — f. Then the BCK-subtraction in M.(A) (which we 
denote by — ) is given by 

g-f = g-(f^ 9) = gx S upp(/- 9 )- 

Example 3 (quantum observables). We return to the set S(H) of bounded self- 
adjoint operators on a Hilbert space. The ensuing conventions follow to |13j . Let 
V{H) stand for the set of all projections (idempotent operators). If A 6 S(H), 
denote by ran A the range of A and by ran A, its closure. Denote the projection 
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onto ran A by Pa- For A, B G S(H), put A _L B if the composition ^LB is the zero 
operator O (equivalently, if ran A _L ranS, or PaPb = O; see Lemma 4.1 in |13|V 
and put A<BiiB — A + C for some C G S{H) with C _L A. By [H Lemma 
4.3], .A ^ B if and only if Ax = Bx whenever x G ran A (then ran A C rani?), or, 
equivalently, if A = BPa (then B and Pa commute). The relation < is the logical 
order on S (H) mentioned in Introduction. 

We shall say that the closed subspace ran A of H corresponds to A. Recall that 
the transfer Pa i-> ran ^4 from projection operators to closed subspaces is one-to-one 
and onto; moreover, V(H) is ordered by 

Pi < P 2 if and only if P X P 2 = Pi if and only if Pi = P 2 Pi, 

and then Pa < Pb if and only if fan /I C fan 5. In particular, V(H) is lattice 
ordered, and Pa < Pb whenever A < B. Corollary 4.4 in [Tj5] implies that Pa < Pb 
if and only if Pa d Pb- 

We denote the join and meet operations in the lattice V{H) by V and A, and 
these operations in S(H) (which may be partial), by Y and X, respectively (in 
[13l[T9], the same symbols V and A are used for both purposes). According to [13l 
Corollary 4.13], meets and joins exist in S(H) for every pair of elements bounded 
above (but see the beginning of the next section). Using this result as the base, it 
is shown in [191 Corollary 4.7] that S(H) is even bounded complete, in particular, 
a nearlattice (evidently, O is the least element in it). 

It is easily seen that, in every interval [O, B] of S(H), B — A is an m-complemcnt 
of A. If the symbol — stands for the BCK-subtraction ((3]) in the nearlattice S(H), 
then (for arbitrary A, B G <S(if )) 

B^A = B-(AxB) = B- BPa^b = B(I - P A xb)- 

This example is not fully subsumed under Example [TJ The definition of < shows 
that A — B if and only if A|fanv4 = B\raEB. Therefore, an operator in S(H) 
is completely determined by its restriction to the corresponding subspace of H. 
We thus can identify every operator A with the partial function A\ ran A from 
VJ : {H,H), and come in this way to a nearlattice of functions Sh (ordered by set 
inclusion) isomorphic to S(H). However, as the join of two subspaces generally 
differs from their set-theoretical union, this nearlattice need not be functional. 

The set Sh of partial operators admits also an immediate description. Theorem 
4.12 of [13] introduces, for any B G S(H), a subset 

L B := {P- P <P B and BP = PB} 

of V{H). For example, if A < B, then Pa G Lb- It is shown in the proof of 
the theorem that the mapping 4>: A t-¥ Pa is an order isomorphism of the initial 
segment [O, B] of S(H) onto Lb- Therefore, 

L B = {P: P = Pa and A<B for some A G S(H)} = {P A : A< B}. 

It is now easily seen that Sh = {B\TaEC: Pc G Lb}- Indeed, _B|fanC belongs 
to Sh, by definition, if and only if S|fanC = A|fa5^1 for some A G S(H), i.e. if 
and only if ran C = ran A and B\ ran /I = A\ ran A, i.e., if and only if Pc = Pa and 
A < B. 

It is also demonstrated in the proof of the mentioned theorem that 



if P < P B , then P = P B p and, further, BP <B 



(4) 
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whenever BP £ S(H) i.e., whenever BP = PB. It follows that the inverse of 
the isomorphism <f> takes a projection P from Lb into the operator BP £ [O, B]. 
Therefore, [O, B] = {BP: P £ L B }. 

4. More on the ordering of S(H) 

In this section we discuss in more detail existence of joins and meets in the poset 
S(H). 

It is noticed in [T31 Theorem 4.12] that every poset Lb is a lattice with respect to 
<. According to this theorem, the initial segment [O, B] of 5(B) is order isomorphic 
to Lb', thus, the segment itself is a lattice. Corollary 4.13 to this theorem then 
asserts that, in 5(B), every pair of elements bounded above has a meet and a join. 
Of course, the meet of two elements in an initial segment of a poset is also their meet 
in the poset itself (and conversely). However, this may be not the case with joins; 
this fact seems to be overlooked in [T3] when drawing the corollary. The subsequent 
theorem confirms that the corollary is nevertheless correct, and provides explicit 
descriptions of the corresponding partial operations (Corollary 

Recall that the commutant of an operator B (i.e., the set of all bounded operators 
commuting with B) is a von Neumann algebra. The lattice Lb, being an initial 
segment in the complete orthomodular lattice of all projections of this algebra, is 
therefore complete. This observation allows us to obtain a simple direct proof of 
existence of meets and joins in S(H) for all bounded sets of operators. 

Theorem 4. Suppose that T C S(H), T ^ 0, and that B £ S(H) is an upper 
bound of T. Then 

(a) B(/\(P4 : A £ T)) is the greatest lower bound ofT, 

(b) B(Y(Pa : A £ T)) is the least upper bound ofT. 

Proof. Assume that A < B, i.e., A = BPa, for all A £ T. Then all projections Pa 
belong to the complete lattice Lb- This implies that the symbolic expressions in 
(a) and (b) present operators from S(H). 

(a) Let Pj- stand for the meet (in P(H)) of all projections Pa with A £ T. For 
every A £ T, we have BP r = BP A P T = AP T = AP B p T (by Q, as P r < P B ), 
i.e., BP7- -< A. Hence, BP7- is a lower bound of T. Further, if D is one more lower 
bound, then D <B,P D <P r (as P D < P A for all A £ T), and BP T P D = BP D = 
D. Thus, D < BP-j-- Therefore, BP7- is the greatest lower bound of T. 

(b) Let P T stand for the join (in V(H)) of all projections Pa with A £ T. For 
every A £ T, we have A = BP A = BP T P Al i.e., A r< BP T . Hence, BP r is an 
upper bound of 71 moreover, BP 7 " ^ B, for P 7 " belongs to the complete lattice Lb 
containing all P A . Further, if D is one more upper bound, then likewise DP A = A 
for all A £ T and DP r < D. 

Now, (B — D)P A = and, consequently, Pb-dPa — for every A £ T. Then 
in V(H) also P A < I — Pb-d 

for every A. Hence, P r < I — P B -d, Pb-dP T = 
and, finally, (B - D)P T = 0. Therefore, BP 7 " = DP T ^ D, and BP 7 " is the least 
upper bound of T ■ □ 

Notice that sup T = O if T = 0. Therefore, item (b) of the theorem immediately 
implies the result of [19] that the poset S(H) is actually bounded complete (see 
Example 3 above), every initial segment of S(H) is a complete sublattice of S(H), 
and the embedding P 1— > BP of Lb into S(H) mentioned at the end of the previous 
section preserves all meets and joins. 
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As noted in the previous section, the ordering -< agrees on V(H) with the stan- 
dard ordering < of projections. In [l3j, it is implicitly assumed without proof that 
then the meet (join) of two projection operators in V(H) is also their meet (resp., 
join) in the more extensive poset S(H). It follows from the theorem that this is 
indeed the case. 

Corollary 5. V(H) is a complete sublattice ofS(H). 

Proof. Consider that T C V(H) (then P A = A for every A G T) and B = I. □ 

We write out the following significant particular case of the above theorem. 
Corollary 6. If A, B,C G S(H) and A,B <C, then AxB and AY B exist, and 
AxB = C{P A AP B ), Ay B = C(P A V P B ). 
By help of we also conclude that 

Paxb^PaAPb, Pays = Pa VPs (5) 

whenever the pair A, B is bounded. Consequently, ran(/l Y B) — fanAUfanB and 
fan(A X B) = ran A n ran B in this case. Examples [T] and [2] suggest that generally 
ma(A X B) C ran A n ranP. 

The bounded completeness of S{H) implies that item (a) of Theorem 2] may be 
strengthened: every nonempty subset of S{H) has the greatest lower bound. In 
particular, the set of all lower bounds of operators A,B £ S(H) has the join, which 
is also its maximum element, i.e., A X B. Observe that {Pc- C < A and C ri 
P} = Laxb, so that Paxb belongs to this set and is the greatest element in it. 
Therefore, we come to the following description of meet of observables in a general 
case. 

Corollary 7. For every pair of observables A and B , their meet exists and 
AXB = P(max{P c : C <A andC < B}). 

This particular result admits also a simple direct proof (cf. Proposition 3.2 in 
1 ). Let us consider the following subset of V(H): 

La,b := {P: P <P A ,P < Pb,AP = PA, BP = PB and P± P A -b}- 

If C ^ A, B, then AP C = C = BP C , (A - B)P C = O and P c _L P A -b- Moreover, 
then also Pc € La, Lb- Therefore, Pc 6 L a .b- On the other hand, if P G L a .b, 
then P 1 P A -b and Pi{4 - P), i.e., (A - B)P = O and AP = BP =: C. 
As also P G La and P G Lb, we conclude by (j4|) that C < A,B. Therefore, 
La.b = {P- P = Pc and C < A, B for some C G S(H)} and, finally, 

L AiB = {P c : C ^ A and C ^ B} C L A nL B . 

The definition of can be rewritten in the form 

La,b = {P G {A, B}': P<P A AP B A(I- P A -b)}, 

where {A, B}' is the commutant of {A, B} and I is the identity operator. Therefore, 
L a ,b is a bounded subset of the complete lattice of all projections of the von 
Neumann algebra {A, B}' and, hence, has the join P*. Evidently, P* is even the 
maximum element of L a ,b- It is easily seen that then the operator PP* is the g.l.b. 
of A and B in S(H). Indeed, since P* G L a ,b, it follows that P* G L a ,Lb and 
P* = P c for some C with C <A,B. So, C = AP* = BP*. Suppose that D is one 
more lower bound of A and B. As Pd G L a ,b, it follows that Pd < P* = Pc- On 
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the other hand, Pr> € La, Lb- Recall that the transfer <j>: E i-> Pe (Section [3|) is 
an order isomorphism of [O, B) onto Lb] therefore D <C ' , and C = A X B. 

Of course, AP* also is the g.l.b. of A and B. We already know that actually 
P* =Paxb- 

5. QUASI-ORTHOMODULAR NEARSEMILATTICES 

In [14], M.F. Janowitz introduced the notion of a generalized orthomodular lat- 
tice, which was defined as a lattice equipped with an appropriate orthogonality 
relation. We take up the idea and consider in this section nearsemilattices with 
orthogonality. 

A binary relation 1 on a poset A with the least element is said to be an 
orthogonality, if it satisfies the conditions 
(J-i ) : if x _L y, then y _L x, 
(J-2) : if x < y and y _L z, then x L z, 
(± 3 ): z^O. 

For example, if _ is an m-complementation on A and a relation _!_ is defined by 
x _L y iff y < x — , then _L is an orthogonality on A. We say that it is induced by 
the m-complementation _ . Evidently, the induced orthogonality is additive in the 
sense that 

(-L4) : if x _L y, x _L z and y i z, then ilyVz. 

Definition 1. Suppose that (^4, V, 0) is a nearsemilattice and that _L is an or- 
thogonality on it. The algebraic system (A, V, -L, 0) is called a quasi- orthomodular 
nearsemilattice if the following additional conditions are fulfilled: 
(_L 5 ): if x _L y, then x i y, 

(J-e) : if a; < y, then y = iV z for some z with ilz, 
(J-7) : if x _L y, x _L z and y < xV z, then y < z. 

In a quasi-orthomodular nearsemilattice, the following cancellation law holds: 
(J-g) : if x _L y, a; _L z and x V y = x V z, then y = z. 
In particular, 

(J-9) : if x _L x, then x = 0. 
Also, (_Lgj) together with (_Ljgj) implies that 

(J-10 ) : every finite set of mutually orthogonal elements has a join 
(recall that in a nearsemilattice x <^ y iff x and y have a common upper bound). 

Example 1 (continuation). In a functional nearsemilattice, put ip _L ip if domt^ n 
dom^j = 0. Then (VJ-(I, V), U, _L, A) is a quasi-orthomodular nearsemilattice with 
an additive orthogonality. The existential condition (J-[gj) may fail in an arbitrary 
closed functional nearsemilattice. The other existential condition (J-Jgj) is ensured 
by closedness and may fail in an arbitrary functional nearsemilattice. 

Example 2 (continuation) . The relation 1 on M (A) introduced in the Section [3] 
is an orthogonality, and (M.(A), Y, _L, 0) is a quasi-orthomodular nearsemilattice. 
The orthogonality satisfies also (J-TJ]) (Theorem 3.2(b) in pj5]). Taking into account 
that (J-[g]) follows directly from the definition of ^, these facts can be derived from 
the previous example, because the isomorphism of M. (A) onto the closed functional 
nearsemilattice M{A), which was described in Section [3l preserves orthogonality. 
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Example 3 (continuation). Likewise, (S(H), Y, _L, O) is a quasi-orthomodular 
nearsemilatticc for _L defined as in Section [3] Indeed, (i) if AB = O, then BA = O 
[H Lemma 4.1]; (ii) if A < B and BC = O, then A = BP A = P A B and AC = O; 
(iii) AO = O; thus, 1 is an orthogonality. Further, (v) ii AB = O, then A< A + B 
and B -< A + B by the definition of <, and A ^ B (as S(H) is a nearsemilattice) [in 
addition, (v') A + B = A Y B; see the proof of Theorem 4.3 in [15]]; (vi) if ^4 < B, 
then, by the definition and (v'), B = A + C = ArCfor some C with A1C; 
(vii) if AB = O, AC = O and B < A Y C, then A + C = B + D for some D with 
= 0, (D- A)B = O and, further, C = B + (D - A), i.e., B <C. 

It was proved in Theorem 4.3 of [19] that a weakened version of (J-gj) holds in 
S(H). The orthogonality on 5(7?) is in fact additive. Indeed, suppose that I? _L A, 
D ± B and A <J> P. Then also Pd J- -Pa and Pd 1P S . As the lattice P(P) is 
orthomodular, it follows that Pd -L Pa VPs . On the other hand, PaVPb — Pays — 
see ©. Therefore, Pd J- Pays and DliYB. 

The isomorphism of S(H) onto the nearsemilattice Sh described in the Section 
3 preserves orthogonality; so we may conclude that Sh is quasi-orthomodular. 

Theorem 4.12 of [13] asserts that every initial segment of S(H) is isomorphic to 
an orthomodular lattice. We are now going to generalize this structure theorem 
to arbitrary quasi-orthomodular nearsemilattices. Recall that an orthocomplemen- 
tation, or an o- complementation, for short, on a bounded poset (P, <,0, 1) is an 
m-complementation ~ such that \ = xW x~ (equivalently, = xAx~) for all x G P. 
Observe that then the induced orthogonality satisfies (J-[g])- An o-complemented 
poset is orthomodular if this orthogonality satisfies also (-Lgj) and (-Ugj); conditions 
(_L[7j) and (J-|4j) are fulfilled in every such a poset. An orthomodular lattice is a 
lattice-ordered orthomodular poset. 

Theorem 8. Every initial segment of a quasi-orthomodular nearsemilattice A is 
an orthomodular lattice, where joins and meets agree with those existing in A. 

Proof. Due to (J-[5]) and (_Ljgj) , there is, for every x < p, a unique element y G [0,p] 
such that x _!_ y and xV y — p; we denote this element by x~ . 

The mapping x t-> x~ is an m-complementation on [0,p\. By the definition, 
(x~)~ _L x~ and {x~)~ V x~ = p; hence (af~ )~ = x. If x < y < p, then a; ± y~ by 
(jj5j) and y~ < x7 p by (-^j) (observe that y~ < x V x~ ). 

As x Vaip = p, the m-complementation ~ is even an o-complementation in [0,p], 
and the interval [0,p] is an o-complemented poset. In virtue of (J-JgJ) and (-Ugj), the 
poset is orthomodular. Since an initial segment [0,p] of a nearsemilattice is actually 
an upper semilattice by definition, the o-complemetantion ~ turns it into a lattice. 
The final assertion is now trivial. □ 

The following conclusion is immediate (recall that a distributive semilattice that 
happens to be a lattice is also distributive as a lattice) . 

Corollary 9. In a distributive quasi-orthomodular nearsemilattice, every initial 
segment is a Boolean algebra. 

It is observed in [l3j that Ai(A) is a generalized orthoalgebra, and [13] The- 
orem 4.2] asserts that so is also S(H). This result extends to arbitrary quasi- 
orthomodular nearsemilattices. 
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Definition 2. A generalized orthoalgebra is a system (A, ffi, 0), where © is a partial 
binary operation and is a miliary operation on A, satisfying the conditions (we 
write here, for arbitrary terms s and t, s _L t to mean that s © t is defined): 







if x _L y, then y _L x and x © y 


= yffix, 


(Q 


3 2 ): 


if x _L y and x © y _L z, then 








y _L z, x 


-I y © z and (x © y) 




3 3 ): 


x _L and x © = x, 




(Q 


34): 


if x _L y, x _L z and x © y = x ( 


B z, then y = z, 


(9 


3s): 


if x _L x, then x = 0. 





ffiz^xffi(yffiz), 



The relation < defined by 

x < y if and only if y = x © z for some z with x _L z, (6) 
is an order on a genralized orthoalgebra A and is called its natural ordering. 

Theorem 10. Suppose that (A, V, _L, 0) is a quasi- orthomodular nearsemilattice 
and that © is a binary operation on A defined by 

x © y = z if and only if x _L y and z = x V y. (7) 

TTien (^4, ffi, 0) is a generalized orthoalgebra, and its natural ordering coincides with 
the nearsemilattice ordering of A. 

Proof. In virtue of (-Ira), the axioms (S0)~(ffij5]) are easy consequences of (V|2]) +(![]]), 
(M3j)~K-42j)' (MH^(~4Hf ' ana ~ res P ec ti ve ly- We only note in connection 

with (ffi^j) that the supposition x ffi y _L z implies that (i) x,y J_ z (see (J-J^j)) and 
(ii) x V y (J, z, i.e., x, y, z < p for some p. Then (in the orthomodular lattice [0,p]) 
y,z,yWz < Xp and x _L y V z, i.e., x _L y ffi z. The equivalence ([6|) follows from 

C-4HP- D 

Example 2 (continuation). The operation ffi defined by / © 5 := / + g for / J_ g 
turns A^(^l) into a generalized orthoalgebra [T3]. See the item (i) in the proof of 
PI Theorem 3.2] for (0). 

Example 3 (continuation). If A 1 B, then put A®B := ^ + B 13J . Then S(H) is 
a generalized orthoalgebra [131 Theorem 4.2]. Evidently, A ffi i? is an upper bound 
of A and B, and Corollary 4.5 in [TJ] says that it is actually a least upper bound. 
Thus, (0) also holds in S{H). 

The theorem implies that an orthomodular nearsemilattice satisfying (J-gj) is a 
generalized orthomodular poset (see [19] for an appropriate version of the latter 
notion) . 

We say that a quasi-orthomodular nearsemilattice has the Riesz decomposition 
property if it satisfies the condition 

(ffi 6 ) : if y _L z and x < y ffi z, then x = y' ffi z' for some y' < y and y' < z, 

where ffi is the operation (0) (cf. [II] or (T9l Sect. 2]). By (Ira) and 0), this property 
turns out to be equivalent to distributivity. 

Theorem 11. A quasi-orthomodular nearsemilattice is distributive if and only if 
it has the Riesz decomposition property. 

Proof. In a quasi-orthomodular nearsemilattice A, if y _L z and x < y ffi z, then 
x < y V z and, by distributivity, x = y' V z' for some y' < y and z' < z. But 
y' _L z' in virtue of (_L[2j) ; therefore, x = y' ffi z'. Now suppose that A has the Riesz 
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decomposition property and that y ^ z and x < j/ V z. By (J-[gj), y V z = y V zo for 
some zo with zo _L y. As z < y V zq, there are yi < y and Z\ < zq such that yi _L Z\ 
and z = y\\l z\. Then y V z = y V zi, z\ < z and, in virtue of (-Lraj), J/ -L Z\. It 
follows that x = y' V z' for some y' < y and z' < zi < z. □ 

6. Skew meets on quasi-orthomodular nearsemilattices 

We concentrate in this section on quasi-orthomodular nearsemilattices that ad- 
mit a non-commutative meet-like operation, and demonstrate that the nearsemi- 
lattices in Examples 1-3 belong to this type of nearsemilattices. 

Let A be a quasi-orthomodular nearsemilattice, and assume that orthogonality 
in it is additive. For x, y £ A, we write x C y to mean that, for every z 6 A, z _L y 
only if z _!_ x. We say that x is overridden by y, if x n y. The overriding relation 
C has the following properties: 

(Ci): C is reflexive and transitive, 

(□2) : if x < y, then x C y. 

(C3) : if iC y and x ^ y, then x < y, 

(□4) : if x C z, y C z and x ^ y, then iVi/Cz. 
Only requires some comment. By (J_jgj) , x V y = xq V y for some xo with 

x -L y. Since iCt/, then i -Li and, further, x _L a; V y (see (J-g])). Now, xq = 
by (i^j) and (Jjgj). 

Therefore, C is a preorder. We denote by || the equivalence relation on A induced 
by it: C: x \\ y iff x C y and Abstract overriding relations satisfying (izjyj)— 

(□[4]) and one more condition 

(C5) : if x C y, then a; || x' < y for some x', 
were introduced in [4j Definition 2.2]. Observe that the element x' in the right side 
of (era) is uniquely defined; in fact, x' — max{«: u C x and u < y}. Indeed, x' □ x 
and x < y by the definition of ||; on the other hand, if u C x and u < y, then 
it C x' and it ^ x', whence u < x' by (d[3j). 

If the element 

x A y := max{ti : it C x and w < y} 
exists for some x and y, we call it a (right-handed) sfcew meet of x and y. 

Example 1 (continuation). In VJ-(I,V), (f C ^ if and only if dom</? C dom^. 
This overriding relation on VJ-(I : V) satisfies (^[5]): if <£> □ ip and := ip\ domtp, 
then || ip' C -0. However, (cjgj) may fail in an arbitrary functional nearsemilattice 
(even if the latter is closed) . More generally, the skew intersection n on VT(I, V) 
is totally defined and is given by ipnip = ip\ dom(ip n ip) (see [5]). Observe that 
if C ip iff ipritp = (p, <p _L ip iff 93 = A and ip C V' iff V 7 n V = "P- 

Example 2 (continuation). In .M(„4), / C y if and only if supp/ C suppy. In 
connection with (cjjj), observe that if / C y, then the function /' which agrees with 
g on supp / and vanishes outside supp / belongs to M(A). More generally, the skew 
meet X on A4(A) is a total operation and is given by / Ay = 5X(supp/nsupps)- 

Example 3 (continuation). In S(H), A C B if and only if Tain A C fan_B. Indeed, 
suppose that C _L A whenever C _L B, and choose x S fan A. Take for C the pro- 
jection onto the closed subspace [x] spanned by x. Then C JL A and, consequently, 
C JL B. Hence, [x] C TSSB, and x G Tan_B. Conversely, if ran A C TaEB and 
C1B, then fanCnfani C ran C n fan i? and CIA 
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Equivalently, A C P if and only if Pa < Pb. The axiom (CJjj) means that if 
Pa < Pb, then Pa = Pa' and A' ^ P for some A' e 5(P) (equivalently, Pa 6 L B , 
or P|ranA G Sh). A natural candidate for A' is the operator PPa; we, however 
cannot prove that it is self-adjoint, i.e., that P and Pa commute. 

However, the skew meet operation A. in S(H) is total. The bounded subset 
L% := {P: P < Pa, Pa < Pb and BP = PB} of the complete lattice L B always 
has the greatest element P*. On the other hand, 

Li = {P c 6l B : P c < Pa} - {Pc- C n A and C ^ P}. 

Now, a reasoning similar to that at the end of Section [4] demonstrates that BP* is 
the skew meet of A and P. 

We end with a theorem describing characteristic properties of the skew meet 
operation A . 

Theorem 12. Suppose that A is a quasi- orthomodular nearsemilattice with an 
additive orthogonality and that all skew meets x Ay in A exist. Then the algebra 
(A, A ) is an idempotent semigroup, and the following conditions are fulfilled: 

xAy < y, xAy C x, (8) 
x <y iff xAy = x, y C x iff xAy = y. (9) 

Moreover, A is commutative in every initial segment of A. 

Proof. Evidently, the operation A is idempotent, and both inequalities (jSJ) arc 
trivial. To prove that the operation is associative, observe that 

{x l Ay) < Az = max(w: v C max(u: u\Z x and u <y) and v < z) 

max(i>: tCuCi and u <y for some u, and v < z) (10) 



and 

x'y\{yAz) = max(w: v d x and v < max(it: u\Zy and u < z)) 

= max(i> : v \Z x, and v < u < z and u □ y for some u) 

= max(w: v C x, v < z and v □ y). (11) 

Now notice that if an element v satisfies, for some u, the conditions v □ u C x, u < 
y and v < z from (1101) . then it satisfies also the conditions v C x,v < z and v □ y 
from (fTTj). Conversely, if the latter triple of conditions is satisfied, then also the 
former one is satisfied with u = x Ay. We only note that if v C x, y, then there is 
v' such that v \\ v' < y (see (Qji)), and, further, v' < u; it follows that v C u. 

Therefore, the maxima in dlbp and (jlll) are equal. Next, if x < y and u < y, 
then a; ^ w and, if also u \Z x, then u < x. Thus, x Ay — x. The converse is evident 
by ©, and this proves the first identity in ©. Further, if y C x, then y < x7\y, 
and the converse again comes from ([S]); this proves the other identity. 

At last, it follows from (Cgj) by virtue of (_Lj^j) that x Ay — x A y = y A x when 
x i y. a 

The theorem shows that the algebra (A, V, A , 0) is a right normal skew nearlat- 
tice in the sense of [51 [3]. Thus, in particular, S(H) is such an algebra. 
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